Consistent relativistic Quantum Theory for systems/particles described
  by non-Hermitian Hamiltonians and Lagrangians by Kleefeld, F.
ar
X
iv
:h
ep
-p
h/
02
11
46
0v
4 
 6
 F
eb
 2
00
3
Consistent relativistic Quantum Theory for
systems/particles described by non-Hermitian
Hamiltonians and Lagrangians
Frieder Kleefeld
Centro de Física das Interacções Fundamentais (CFIF), Instituto Superior Técnico,
Edifício Ciência, Piso 3, Av. Rovisco Pais, P-1049-001 LISBOA, Portugal
e-mail: kleefeld@cfif.ist.utl.pt
. . . to Manuela, Alexander and Sara . . .
Abstract. A causal, non-Hermitian, renormalizable, local, unitary and Lorentz convariant formula-
tion of Quantum Theory (QT) (= Quantum Mechanics (QM) and Quantum Field Theory (QFT)) is
developed which is free of formalistic problems we face in the commonly used Hermitian formula-
tion of QT. Side effects of the new formulation of QT are the derivation of a consistent (anti)causal
neutrino Lagrangian, the enrichment of chiral symmetries, the removal of the Dirac sea, the separa-
tion of positive and negative energy states including a reformulation of the anti-particle concept and
a critical analysis of the concept of probability currents. In a first step we apply the new formula-
tion of QT to establish a relation between perturbative Quantum Chromodynamics (QCD) and the
(axial)vector meson extended Quark-Level Linear Sigma Model (QLLSM) at high energies.
INTRODUCTION TO (ANTI)CAUSAL QUANTUM THEORY
It is well known — that the present Hermitian formulation of QT (see e.g. [1]) gives rise
to a variety of formalistic — unresolved — problems and paradoxa. Without going into
details1 we want to stress that such conceptual shortcomings get more pronounced, if we
try to apply the Hermitian QT (HQT) to “non-Hermitian” (e.g. absorptive, resonant, bi-
furcating, CP-violating, . . .) problems. Simple consequences are e.g. the loss of locality,
causality, stability of the effective action and the positivity of spectral functions. We will
show that many of these problems can be understood and circumvented by treating QT
in strict sense (anti)causal. In standard HQT — as we teach it to the students — causality
is implemented by analytical continuation of Green’s functions or propagators according
to (anti)causal boundary conditions to be imposed. What we don’t teach the students is
that this analytical continuation (usually performed in generating functionals) not only
spoils the unitarity of the HQT (due to an infinitesimally non-Hermitian effective action,
i.e. a non-unitary S-matrix), yet also has severe negative implications on its consistency
1 Some examples: problems in the probability concept of QT [2], the EPR paradoxon [3], the Klein
paradoxon, Zitterbewegung, supercritical fields and the problem of gauge fixing [4], the problem of
bifurcation or compositeness in QM (noted e.g. by T.D. Lee [5]), in QFT (noted e.g. by L.D. Landau
(p. 18 in [6] and references therein)), the problem of regularization and anomalies (e.g. [7]).
when afterwards demanding field operators or wavefunctions to stay Hermitian yielding
a lot of paradoxa mentioned above2. E.g. in Refs. [9, 10] it is noted that that decay rates
of the electroweak gauge Bosons cannot be described in a gauge-invariant manner, if
they are not determined on the complex mass shell of the respective gauge Bosons.
What is to be understood by a complex mass shell? Let us consider for simplicity a
neutral non-interacting Klein-Gordon (KG) field φ(x). In QFT the real mass m of φ(x)
has to be analytically continued according to m → m− iε , yielding a complex(valued)
mass M = m− i2Γ with Γ→ ε =+0. For resonances like the electroweak gauge Bosons
the width Γ will be even finite. As the complex mass M is entering the analytically
continued causal generating functional the respective KG field will obey the classical
equation of motion ((i∂ )2−M2)φ(x) = 0. A neutral spin 1/2 Fermion will correspond-
ingly fulfil the respective causal Dirac equation (i 6 ∂ −M)ψ(x) = 0. As the imaginary
part of M is finite the causal KG and Dirac equations have to be solved by a Laplace-
transform and not by a simple Fourier-transform as taught in textbooks. Consequently
e.g. the neutral KG field φ(x) will be complex(valued) and not real or Hermitian as stated
in textbooks3,4. More explicitly we obtain5:
φ(x) =
∫ d4p
(2pi)3
δ (p2−M2) a(p)e− ipx != ∑
±
∫ d3 p
(2pi)3 2ω(~p)
a(±p)e∓ ipx
∣∣∣
p0=ω(p)
ψ(x) = ∑
s
∫ d3p
(2pi)3 2ω(~p)
[
b(p,s)u(p,s)e− ipx+b(−p,s)u(−p,s) eipx
]∣∣∣
p0=ω(p)
The symbolic δ -distribution “δ (p2 − M2)” should be understood in the sense of
residuum calculus and Cauchy’s theorem and finds its solid mathematical basis in a for-
malism worked out by N. Nakanishi [17, 18]. The definition of spinors (and polarization
vectors) requires the introduction of a Lorentz boost for objects with complex mass M 6.
2 There are also non-Hermiticities inserted in QT by hand, which may lead to serious problems, if one
treats the field operators or wavefunctions furtheron Hermitian. Examples are complex mixing angles [8],
resonance propagators [9], CP-violating phases [10, 11] in high energy, hadronic or solid-state physics,
imaginary chemical potentials e.g. in QCD [12], optical potentials in nuclear physics, . . .
3 The mass shell condition in 4-momentum space p2 =M2 will therefore be complex yielding the singular
points p0 = ±ω(~p) (with ω(~p) :=
√
~p2 +M2 and ω(~0) := M) in the complex p0-plane. Hence in
performing the Laplace-transform the solution of the causal KG (or Dirac) equation can be decomposed
by φ(x) = φ (+)(x)+φ (−)(x) (or ψ(x) =ψ(+)(x)+ψ(−)(x)), while φ (±)(x) (or ψ(±)(x)) is associated with
p0 =±ω(~p), respectively.
4 Hermitian conjugation of the causal KG equation will yield what we call anticausal KG equation, i.e.
((i∂ )2−M+2)(φ(x))+ = 0. Due to its properties we call the anticausal KG field a KG hole field [14]. As
M+ 6= M, it is clear that (φ(x))+ 6= φ(x) and φ (+)(x) 6= (φ (−)(x))+. In QM causal and anticausal states
are called Gamow states and anti-Gamow states, respectively (see e.g. Refs. [15, 16]).
5 We introduce a Dirac spinor u(p,s)≡ v(−p,s)) fulfilling the equation (6p−
√
p2 )u(p,s) = 0 or, equiv-
alently, the transposed equation uc(p,s) (− 6p−
√
p2 ) = 0. Important identities: uc(p,s) = u(− p∗,s) =
v(p∗,s) and sgn[Re(p0)] ∑s u(p,s)vc(p,s) = 6p+
√
p2 (for Re[p0] 6= 0). Furthermore we may define:
a(~p) := a(p)|p0=ω(p), c+(~p) := a(−p)|p0=ω(p), b(~p,s) := b(p,s)|p0=ω(p), d+(~p,s) := b(−p,s)|p0=ω(p).
6 A Lorentz transformation (LT) Λµν is defined by Λµρ gµν Λνσ = gρσ for any metric gµν . Let nµ be a
timelike unit 4-vector (n2 = 1) and ξ µ an arbitrary complex 4-vector with ξ 2 6= 0. The 4 independent LTs
Hermiticity is also broken in the causal time-dependent Schrödinger equation:
i∂t ψ(x) =
(
− 1
2M
→
∇ 2 +VC(x)
)
ψ(x) = HC ψ(x) . (1)
Due to the fact that M is complex and the causal potential VC(x)( 6= V+C (x) =: VA(x))
is essentially the Laplace-transform of a causal propagator we notice that the causal
Hamilton operator HC entering the causal Schrödinger equation is not Hermitian, i.e.
HC 6= H+C =: HA (while HA is called the anticausal Hamilton operator)7. As HC is not
Hermitian its right (ψ(x)) and left eigenfunctions (ψ˜(x)) are not related by Hermitian
conjugation8. ψ˜(x) may be called adjoint causal Schrödinger wavefunction fulfilling the
adjoint causal Schrödinger equation − i∂t ψ˜(x) = ψ˜(x)HC.
Pars pro toto we are now going to discuss further aspects in the context of the
(anti)causal KG field. For convenience we define the quantity √Z := |M|/M and the
field ϕ(x) := φ(x)/√N Z. The non-Hermitian causal (anticausal) Lagrangian LC(x)
(LA(x)) with LC(x) = (LA(x))+ yielding the causal (anticausal) KG equation is:
LC(x) =
1
2N
(
(∂ φ(x))2− M2 φ(x)2
)
=
1
2
(
Z (∂ ϕ(x))2− |M|2 ϕ(x)2
)
. (2)
The complex constant N is just the square of an overall normalization of the causal field
φ(x) 9. Typically we choose N to be real and positive (e.g. N = 1) for (anti)causal fields,
while we call fields for which N is of opposite sign (e.g. N = −1) (anti)causal ghost
fields. We see that — in the context of a HQT — the quantity√Z gets — with respect to
ϕ(x) — the meaning of a traditional wavefunction renormalization. Due to its definition
we know that |Z| = 1. For Z = exp(iε) (with ε = +0) the causal fields φ(x) and ϕ(x)
may be called asymptotic stable, as they can represent asymptotic stable systems10. If
Im[
√
Z ] > 0 and non-infinitesimal, the width Γ > 0 will also be finite. Then the fields
φ(x) and ϕ(x) may be called non-asymptotic or unstable, as they represent intermediate
states with a finite life time11. In the context of HQT it is the general belief (see e.g.
relating ξ µ with its “restframe” (i.e. ξ µ = Λ µν(ξ ) nν
√ξ 2 and nν√ξ 2 = ξ µ Λ µν(ξ )) are:
Λ µν(ξ ) =±
{
g µρ −
√ξ 2√ξ 2∓ ξ ·n
[
n µ ∓ ξ
µ√ξ 2
][
nρ ∓
ξρ√ξ 2
]}
Pρν and Λ
µ
ρ(ξ )Pρν
(with Pµν := 2n µ nν − g µν = reflection matrix). Lorentz covariance of the Dirac equation requires
S−1(Λ(p))γ µ S(Λ(p)) = Λ µν(p) γ ν for u(p,s) = S(Λ(p)) u(
√
p2 n,s). The metric (+,−,−,−) yields
u(p,s)
∣∣
Re[p0]> 0 =
6p+
√
p2√
2
√
p2 (p0 +
√
p2)
u(
√
p2,~0,s) p
0=ω(~p)−→ 6p+M√
2M (ω(~p)+M)
u(M,~0,s) .
Similarly construct v(p,s), uc(p,s), vc(p,s), u¯(p,s), v¯(p,s), uc(p,s) and vc(p,s) for Re[p0]> 0!
7 For M = m− iε we may call HC quasi-Hermitian, if VC(x) is in a similar sense quasi-Hermitian.
8 Causal “bra’s” (“out-states”) are not Hermitian conjugate to causal “ket’s” (“in-states”) (〈ψ˜ | 6= |ψ〉+)!
9 We may call
√
N the causal norm of a state/field.
10 Such fields appear in the context of the S-matrix as in- and out-states.
11 This is rather consistent with the need of complex wavefunction renormalizations stressed in [9, 10].
Ref. [13]) that composite states are considered to be states without kinetic energy, i.e.
with vanishing wavefunction renormalization, i.e. Z → 0. In a (anti)causal QT this is
not possible due to the constraint |Z| = 1. Nevertheless we may declare states/fields
to be composite, when Re[
√
Z ] → 0. A transition from Im[√Z ] > 0 to Im[√Z ] < 0
will bring us from causal to anticausal fields. The Hermitian situation Im[
√
Z ] = 0
describes Hermitian acausal fields, whose propagators are half causal and half anticausal
(= principal value prescription). For historical reasons we will call such (“standing
wave”, i.e. non-propagating) states shadow states [19, 20]12. Finally — in accordance
with earlier discussions in the literature on HQT — we want to call here Re[√Z ] the
traditional norm of a state/field. With the help of the preceding discussion we are now
in the position to consider selected historical difficulties in the formalistic developement
of a Hermitian and causal QT which persist upto now.
In a first step we want to address here the “bifurcation” or “compositeness prob-
lem”. In 1954 T.D. Lee [5] (see also [22, 17, 18, 23, 24, 25]) observed in the Hermitian
“Lee-model” that the renormalization of the model required a purely imaginary unrenor-
malized coupling constant to obtain a finite real renormalized coupling constant, and that
beyond a certain critical value of the coupling constant, at which the wavefunction renor-
malization went to zero (i.e. Z → 0), the Hermitian Hamiltonian developed Hermitian
conjugate complex pairs of eigenvalues for pairs of zero traditional norm eigenstates to
be considered as metric partners 13 forming a biorthogonal basis [32] 14. The problem of
the treatment of zero traditional norm states and negative causal norm states (“ghosts”)
had — since Dirac [33, 34] — induced a lot of theoretical activities which culminated
in those times among other things in the concept of an indefinite metric and a metric op-
erator (for details see e.g. Refs. [18, 25, 35, 32]). The application of such concepts has
faced upto now enormous difficulties in the context of HQT, mainly because most calcu-
lations involved a (blind) mixture of purely Hermitian states (“shadow states”) and zero
traditional norm states (“(anti)causal states”) and their interactions. As we will argue
in the following a consistent treatment within a (anti)causal QT requires the sole exis-
tence of causal and anticausal states (consisting of a special superposition of “shadow
states”) such that both classes states — causal and anticausal — don’t interact ! As a
consequence the shadow states interact in a very restricted way which is governed by the
Lorentz covariance of the theory [19, 20]. Furthermore, as |Z| = 1, intermediate unsta-
ble fields cannot be easily integrated out from a (anti)causal Lagrangian. We also have
to realize that the restriction to a “Hermitian” Lehmann-Källén spectral representation
[36, 37] (in which spectral functions are real functions of real invarinant mass variables)
is an inadmittable corset imposed by HQT, which does not allow QT to bifurcate15.
12 These shadow states shouldn’t be confused with the shadow states addressed e.g. by T. Regge [21]!
13 A similar singular phenomenon is known in perturbative QED as “Landau pole” [26]. As a non-
perturbative phenomen bifurcation has been observed e.g. in QED in Dyson-Schwinger calculations at a
critical value of αcr > 0 [27, 28, 29] (signalled by numerical instabilities and hugely enhanced calculation
time or complex branchcuts), in variational methods at αcr ≤ 0 [30, 39] and on the lattice [31].
14 T.D. Lee surprised that a purely imaginary (unrenormalized) coupling constant enters a HQT remarked:
“This difficulty may, however, be overcome by a modification of the present rules of quantum mechanics”.
15 This explains partially the technical and numerical difficulties we have in describing QED close to the
Landau pole or QCD close to the chiral or (de)confinement phase transition(s).
In (anti)causal QT spectral functions are complex functions of complex invariant mass
variables even for asymptotic states [38, 39].
Secondly we want to show an obvious inconsistency in the probability concept of
traditional QT. The way students learn to derive probability currents in QT is to subtract
classical equations of motion and its Hermitian conjugate yielding in (anti)causal QT
the following continuity-like equations for neutral KG, Dirac and Schrödinger theory16:
∂µ [φ+(x) ∂ µ φ(x)− (∂ µφ+(x))φ(x) ] = 2 iε φ+(x)φ(x) (3)
∂µ [ iψ(x) γµ ψ(x) ] =−2 iε ψ¯(x)ψ(x) (4)
i∂t [ψ+(x)ψ(x) ]+
1
2m
→
∇ · [ψ+(x)
→
∇ ψ(x)− (
→
∇ ψ+(x))ψ(x) ] =
= ψ+(x) [VC(x)−V+C (x) ]ψ(x)−
iε
2m
[ψ+(x)
→
∇ 2 ψ(x)+(
→
∇ 2 ψ+(x))ψ(x) ] (5)
We see that none of the three currents will be conserved, if we use a complex mass M
and a causal potential VC(x). This means for the Schrödinger theory that |ψ(x)|2 cannot
be considered to be the density of a conserved current (being a minimal requirement in
the context of probability theory) and hence should not be interpreted as a probability
density as originally done by M. Born [40]! Alternaltively, if we perform the subtrac-
tion of the causal KG equation for φ (±) (x) (Dirac equation for ψ(±)(x), Schrödinger
equation for ψ(x), respectively) and the transposed (or adjoint) equation for φ (∓)(x)
(ψ(∓)c(x) 17 and ψ˜(x), respectively) we will obtain the following continuity equations:
∂µ [φ (∓)(x) ∂ µφ (±)(x)− (∂ µφ (∓)(x))φ (±)(x) ] = 0 (6)
∂µ [ iψ(∓)c(x) γµ ψ(±)(x) ] = 0 (7)
i∂t [ ψ˜(x)ψ(x) ]+
1
2M
→
∇ · [ ψ˜(x)
→
∇ ψ(x)− (
→
∇ ψ˜(x))ψ(x) ] = 0 (8)
The respective non-vanishing18 causal currents are conserved even for arbitrary com-
plex mass M and causal potential VC(x)19. Within the (anti)causal framework charge,
standard gauge invariance and the anti-particles are introduced according to the isospin
concept, i.e. by considering N causal fields (i.e. φr(x) or ψr(x) with r = 1, . . . ,N) of
equal complex mass M. Unitarity of the theory is restored by considering the Hermi-
tian Lagrangian L (x) = LC(x) +LA(x) (or Hamiltonian) containing causal and an-
ticausal fields20. For the (anti)causal free KG [19, 18, 14] and Dirac [42, 43, 44] the-
16 For simplicity we display here only the quasi-real case with M = m− iε and ε =+0.
17 We adopt the standard notation ψc(x) := ψ T (x)C (with C = iγ 2 γ 0 ) and ψ(x) := ψ+(x) γ 0.
18 Even in the case of the neutral KG field this current is not vanishing!
19 The respective isospin currents for neutral KG and Dirac fields vanish (due to a tricky cancellation of
the underlying currents of Eqs. (6) and (7)), i.e. φ(x) ∂ µφ(x)−(∂ µ φ(x))φ(x) = 0 and iψ c(x) γµ ψ(x) = 0,
if we treat φ(x) as a commuting field and ψ(x) as a anticommuting Grassmann field!
20 I.e. a (anti)causal prescription of QT yields a “doubling” of degrees of freedom with respect to the
Hermitian (acausal) description. Obviously this “doubling” commonly performed at finite temperature T
for consistency reasons [41] is for causality and unitarity reasons already present at T = 0.
ory and e.g. for the simple (anti)causal Harmonic oscillator in QM (e.g. [16]) we have
( ¯M := γ0 M+γ0):
L (x) = ∑
r
1
2
(
(∂ φr(x))2−M2(φr(x))2+(∂ φ+r (x))2−M∗2(φ+r (x))2
)
(9)
L (x) = ∑
r
1
2
(
ψcr (x)(
1
2
i
↔
6∂ −M)ψr(x) + ψr(x)(
1
2
i
↔
6∂ − ¯M)ψcr (x)
)
(10)
〈
z,z∗|H|z′,z′∗〉 = (− 1
2M
d2
dz2 +
1
2
MΩ2z2− 1
2M∗
d2
dz∗2 +
1
2
M∗Ω∗2z∗2
)〈
z,z∗|z′,z′∗〉
For N = 1 Eq. (10) is describing the causal Lagrangian of a neutral Fermion (i.e. a
Majorana–like neutrino [11])21. For N = 2 we may define the “charged” fields ψ±(x) :=
(ψ1(x)± iψ2(x))/
√
2 (representing e.g. a causal positron and electron22) and denote the
respective minimally coupled Dirac-like Lagrangian of such a simply charged Fermion:
L (x) =ψc+(x)(
1
2
i
↔
6∂ +g 6A(x)−M)ψ−(x)+ψ−(x)(
1
2
i
↔
6∂ +g∗γ µA+µ (x)− ¯M)ψc+(x) (11)
being invariant under the local gauge transformations g 6A ′ = g 6A+[ 6∂ ,Λ(x)], ψ ′−(x) =
exp(+iΛ(x)) ψ−(x), ψ ′+(x) = exp(−i(Λ(x))T ) ψ+(x) 23. The same holds for a non-
Abelian gauge theory, i.e. for Aµ(x) = Aaµ(x)λ a/2 and Λ(x) = Λa(x)λ a/2 24. Causal
(anti)particles want to minimize their energy [14], anticausal (anti)holes want to max-
imize their energy. As long as the vacuum for (Fermionic or Bosonic) (anti) particles
and (anti)holes is situated at zero energy and no interactions between (anti)particles
and (anti)holes are permitted, positive and negative energy states are nicely separated.
There will be no need for any Dirac sea25, it will be not necessary to forbid the Bose-
Einstein condensation of Bosons [33] and there will be no paradoxa like the Zitterbewe-
gung or the Klein paradoxon. Finally it is of interest to study the Hermiticity content of
(anti)causal fields. Hence we decompose the (anti)causal neutral KG fields φ+(x), φ(x)
21 This can be understood from the Grassmann–nature of the Fermion fields as (ψc(x) 6A(x)ψ(x))T =
−ψc(x) 6A(x)ψ(x) = 0 for a “symmetric” Abelian/non–Abelian gauge field Aµ(x) = (Aµ(x))T . In HQT
the kinetic term of such a Majorana–like field would vanish, while in (anti)causal QT it survives!
22 In a isospin–concept (causal) particles and antiparticles (described by ψ±(x)) having positive energy
and moving forward in time [14] possess same parity, while the parity of (anticausal) holes and antiholes
(described by ψc∓(x) bearing negative energy and moving backward in time [14] is opposite. This is
perfectly possible without spoiling experimentally confirmed results of theoretical calculations in HQFT,
e.g. meson or positronium spectra, as this type of internal parity is subject to a superselection rule [45].)
23 Within such an isospin concept we obtain for Aµ(x) = 0 the following continuity equations for N = 2:
∂µ [ iψc∓(x) γµ ψ±(x) ] = 0 (Dirac–field) and ∂µ [φ∓(x) ∂ µφ±(x)− (∂ µφ∓(x))φ±(x) ] = 0 (KG field).
24 Recently Jun-Chen Su [46] showed that a renormalizable Lagrangian for a massive (non-)Abelian
vector Boson originally derived by ‘t Hooft [47] within the context of a Higgs-mechanism persists renor-
malizable without relying on any Higgs mechanism. It is easy to extend such a Lagrangian consistently to
complex mass vector fields implying that the whole standard renormalization concept of QFT on the basis
of gauge invariance is working particularly well for (anti)causal fields of arbitrary complex mass. In this
context we have to accept that vector Bosons consist of three physical degrees of freedom!
25 Due to its infinite mass a Dirac sea would induce the immediate gravitational collapse of the universe!
and neutrino fields ψc(x), ψ(x) in shadow fields26 yielding the following Lagrangians:
L (x) =
1
2
(
(∂φ(1)(x))2−Re[M2](φ(1)(x))2
)
− 1
2
(
(∂φ(2)(x))2−Re[M2](φ(2)(x))2
)
+ Im[M2] φ(1)(x)φ(2)(x) (12)
L (x) =
1
2
ψ(1)(x)
(1
2
i
↔
6∂ −Re[M]
)
ψ(1)(x)−
1
2
ψ(2)(x)
(1
2
i
↔
6∂ −Re[M]
)
ψ(2)(x)
+
1
2
Im[M]
(
ψ(2)(x) ψ(1)(x)+ψ(1)(x) ψ(2)(x)
)
(13)
We observe that the diagonal (anti)causal Lorentz covariant Lagrangians Eqs. (9) and
(12) are non-diagonal in the shadow fields and that the two (anti)causal fields consist of
one shadow field with positive and one with negative norm27. Lagrangian Eq. (13) is par-
ticularly useful to study chiral symmetry in the context of (anti)causal QT. It is straight
forward to show that a simultaneous chiral transformation in of the shadow fields ac-
cording to28 ψ(1)(x)→ exp(iγ5 α)ψ(1)(x) and ψ(2)(x)→ exp(−iγ5 α)ψ(2)(x) will yield
the continuity-like equation29 ∂µ [ψ(x) γ µ γ5ψ(x) ] ∝ Re[M], while the chiral rotation
ψ(x)→ exp(iγ5 α)ψ(x) and ψc(x)→ exp(iγ5 α)ψc(x) in Eq. (10) for N = 1 yields the
standard continuity-like equation30 ∂µ [ψc(x) γ µ γ5ψ(x) ] ∝ M. The first (broken) chiral
symmetry related to the current ψ(x)γ µ γ5ψ(x) mixes causal and anticausal fields, while
the second (broken) chiral symmetry related to the current ψc(x)γ µ γ5ψ(x) mixes only
causal fields or anticausal fields. HQT can’t distinguish between the two chiral currents
and runs therefore into anomalies yielding different results depending on the choice of
regularization [7]. The (anti)causal neutrino Lagrangian (Eq. (10) for N = 1) can be
studied, too, by decomposing the the neutrino fields into their chiral components 31, i.e.:
L (x) =
=
1
2
{
ψcL(x)
i
2
↔
6∂ ψR(x)+ψcR(x)
i
2
↔
6∂ ψL(x)−M
(
ψcR(x)ψR(x)+ψcL(x)ψL(x)
)}
+h.c.
=
1
2
{
χc+(x)
1
2
↔
6∂ χ+(x)−χc−(x)
1
2
↔
6∂ χ−(x)−M
(
χc+(x)χ−(x)+χc−(x)χ+(x)
)}
+h.c.
Note that L (x) in terms of the new fields χ±(x) := (ψR(x)± iψL(x))/
√
2 is invariant
under χ±(x)→ exp(± iγ5 α)χ±(x) even for arbitrary complex Fermion mass M! Further
aspects (quantization, Wick’s theorem, CPT, . . .) of the presented (anti)causal QT are
either discussed in Refs. [14, 42, 43, 44] or will be published elsewhere (e.g. Ref. [48]).
26 This is done by φ(x) =: (φ(1)(x) + iφ(2)(x))/
√
2 , φ+(x) =: (φ(1)(x)− iφ(2)(x))/
√
2 and ψ(x) =:
(ψ(1)(x)+ iψ(2)(x))/
√
2, ψc(x) =: (ψ(1)(x)− iψ(2)(x))/
√
2 .
27 N. Nakanishi [18, 19] was the first who investigated the KG Lagrangians Eqs. (9) and (12) in more
detail. Unfortunately he lost — as we think — the interest in his “Complex-Ghost Relativistic Field
Theory” due to singularities he faced by allowing interactions between causal and anti-causal fields!
28 We mention that γC :=− iC behaves in many aspects like γ5 — particularly in (anti)causal QT.
29 Of course there exist also the respective Hermitian conjugate and transposed continuity-like equations!
30 This type of chiral symmetry is broken even for a “massless”, yet causal neutrino due to M →−iε!
31 ψ(x) =ψR(x)+ψL(x) with ψR(x) :=PR ψ(x), ψL(x) := PL ψ(x) and PR := (1+γ5)/2, PL := (1−γ5)/2.
QCD AND THE QUARK-LEVEL LINEAR SIGMA MODEL
As an interesting application of the formalism described above we want to illustrate an
attractive relation between the Lagrangian of QCD [49] and the unbroken Lagrangian
of the QLLSM [50] including vector mesons32. We start with the (anti)causal QCD
Lagrangian in Rα gauge [46, 47] for (anti)quarks (q±) and gluons (B) with respective
complex masses Mq and MB 33,34,35:
L (x) = q c+(x)
(
i
2
↔
6∂ + g 6B(x) − Mq
)
q−(x)
− 1
2
trc
[
Bµν(x)Bµν(x)
]
+ M2B trc
[
Bµ(x)Bµ(x)
]
− 1
α
trc
[(
∂µ Bµ(x)
)2 ]
− 2 trc
[(
∂µ ¯C(x)
) ( α M2B
∂ 2 +1
)
∂ µ C(x)+ ig
{(
∂µ ¯C(x)
)
,C(x)
}
Bµ(x)
]
+h.c.
For later convenience we insert unit matrices in spin and flavour space, i.e.:
L (x) = qc+(x)
(
i
2
↔
6∂ + g 6B(x) [1 ]F − Mq
)
q−(x)
+
1
4NF
tr
[
− 1
2
Bµν(x) [1 ]S [1 ]F Bµν(x) [1 ]S [1 ]F
+ M2B Bµ(x) [1 ]S [1 ]F Bµ(x) [1 ]S [1 ]F −
1
α
(
∂µ Bµ(x) [1 ]S [1 ]F
)2
− 2
((
∂µ ¯C(x) [1 ]S [1 ]F
) ( α M2B
∂ 2 +1
)
∂ µ C(x) [1 ]S [1 ]F
+ ig
{(
∂µ ¯C(x) [1 ]S [1 ]F
)
,C(x) [1 ]S [1 ]F
}
Bµ(x) [1 ]S [1 ]F
)]
+h.c. , (14)
while “tr” indicates the trace in colour, spin and flavour space, i.e. “trc,S,F”. For the
following arguments it seems imperative to use Feynman gauge (α → 1) for which
the gluon (iDabµν(k)) and ghost (i∆ab(k)) propagators take their simplest form, i.e.
iDabµν(k) → −iδ ab gµν/(k2 −M2B) and i∆ab(k) → −iδ ab/(k2 − M2B). We know that
at high energies — in the perturbative regime of QCD — quark–quark scattering is
predominantly determined by one-gluon exchange (OGE) whose spin structure is — in
Feynman gauge — described by [γµ ](1) [γ µ ](2) being subject to the Fierz identity [51]
[γµ ] i j[γ µ ]kℓ = [1 ] iℓ[1 ]k j +[ iγ5 ] iℓ[ iγ5 ]k j− 12
(
[γµ ] iℓ[γ µ ]k j +[γµ γ5 ] iℓ[γ µγ5 ]k j
)
.
32 It has to be stated that the presented “derivation” is hardly possible in a HQT.
33 For “massless” quarks and gluons one has to perform the replacement M →− iε .
34 In the following we will use the indices c, S, F for “colour”, “spin” and “flavour”, respectively.
E.g. [1]c, [1]S and [1]F are the unit matrices in colour (c), spin (S) and flavour (F) space.
35 Be reminded that Dµ := ∂µ − igBµ(x), Bµ(x) := Baµ(x) [λ a/2 ]c, Bµν (x) := Baµν(x) [λ a/2 ]c =
i
g [Dµ ,Dν ], C(x) := C
a(x) [λ a/2 ]c and ¯C(x) := ¯Ca(x) [λ a/2 ]c, while “trc” indicates a trace and [λ a ]c
(a = 1, . . . ,8) represent Gell-Mann matrices in colour (c) space.
Inspection of these Fierz identities suggests that a t-channel one-gluon OGE can be
replaced by the simultaneous u-channel exchange ( j ↔ ℓ) of scalar (S), pseudo-scalar
(P), vector (V ) and axial-vector (Y ) fields, while the u-channel OGE may be replaced
by the respective simultaneous t-channel exchange of S, P, V and Y fields. Of course,
this idea can’t be considered isolated from the respective dynamics in colour and flavour
space 36. The relevant Fierz identity in colour space is:
[λ a/2 ] i j [λ a/2 ]kℓ =
1
2
(
1− 1
N2c
)
[1 ] iℓ [1 ]k j− 1Nc [λ
a/2 ] iℓ [λ a/2 ]k j ,
while in flavour space we have [1 ] i j [1 ]kℓ = 1NF [1 ] iℓ [1 ]k j + 2 [λ
a/2 ] iℓ [λ a/2 ]k j. The
Fierz identity in flavour space seems to support the idea that the exchanged S, P, V and
Y particles underlying the t-channel OGE are e.g. flavour nonets (for NF = 3), while
the Fierz identity in colour space indicates that in the large Nc limit (Nc → ∞) these
S, P, V and Y fields may be considered to be colour singlets. Hence one might tend
to call these exchanged S, P, V and Y fields either “mesons” or “glue balls”. Defining
[λ 0/2 ]F := [1 ]F/
√
2NF and keeping in mind that in quark-quark scattering always t-
and u-channel OGE graphs contribute both — due to the Pauli exclusion principle with
opposite sign — we may claim the validity of the following Fierz replacement in the
product of spin, flavour and colour space:(
[γµ ](1) [γ µ ](2)
) (
[λ a/2 ](1)c [λ a/2 ](2)c
) (
[1 ](1)F [1 ]
(2)
F
)
−→ −
(
[1 ](1)[1 ](2)+[ iγ5 ](1)[ iγ5 ](2)− 12
{
[γµ ](1)[γ µ ](2)+[γµγ5 ](1)[γ µγ5 ](2)
})
(1
2
(
1− 1
N2c
)
[1 ](1)c [1 ](2)c − 1Nc [λ
a/2 ](1)c [λ a/2 ](2)c
)
( 1
NF
[1 ](1)F [1 ]
(2)
F + 2 [λ a/2 ]
(1)
F [λ a/2 ]
(2)
F
)
Nc→∞−→ −
(
[1 ](1)[1 ](2)+[ iγ5 ](1)[ iγ5 ](2)− 12
{
[γµ ](1)[γ µ ](2)+[γµγ5 ](1)[γ µγ5 ](2)
})
(
[1 ](1)c [1 ](2)c
) (
[λ 0/2 ](1)F [λ 0/2 ]
(2)
F + [λ a/2 ]
(1)
F [λ a/2 ]
(2)
F
)
. (15)
After defining NF × NF “meson” 37 field matrices in flavour space (∑ := ∑N
2
F−1
a=0 ),
i.e. S(x) :=
√
2 ∑ σa(x) [λ a/2 ]F (“scalar”), P(x) :=
√
2 ∑ ηa(x) [λ a/2 ]F (“pseudo–
scalar”), V µ(x) :=√2 ∑ ω µa (x) [λ a/2 ]F (“vector”) and Y µ(x) :=
√
2 ∑ υ µa (x) [λ a/2 ]F
(“axial–vector”) we may translate Fierz replacement Eq. (15) for Nc → ∞ into a respec-
tive replacement prescription for the OGE propagator in terms of meson propagators:
[γ µ ](1) [γ ν ](2) 〈0|T
[
B(1)µ (x) B
(2)
ν (y)
]
|0〉
(
[1 ](1)F [1 ]
(2)
F
)
Nc→∞−→
36 This statement applies to QCD. In a similiar (feasible) consideration for QED in the perturbative (low
energy) regime the Fierz identities in colour and flavour space are absent. The results are expected to be
similar to the observations in [52].
37 In the following we will use for simplicity the notatation “meson” rather than “glue ball”.
1
2
(
[1 ](1)[1 ](2) Z−1s 〈0|T
[
S(1)(x) S(2)(y)
]
|0〉
+[ iγ5 ](1)[ iγ5 ](2) Z−1p 〈0|T
[
P(1)(x) P(2)(y)
]
|0〉
+
1
2
{
[γ µ ](1)[γ ν ](2) Z−1v 〈0|T
[
V (1)µ (x)V
(2)
ν (y)
]
|0〉
+[γµ γ5 ](1)[γ νγ5 ](2) Z−1y 〈0|T
[
Y (1)µ (x)Y
(2)
ν (y)
]
|0〉
})(
[1 ](1)c [1 ](2)c
)
. (16)
The renormalization constants Zs, Zp, Zv and Zy will be determined later. Treating each
element of the meson field matrices S(x), P(x), V µ(x) and Y µ(x) as an independent field
the propagator replacement Eq. (16) will be achieved by replacing in the quark-gluon
vertex of the QCD-Lagrangian (g q c+(x) 6B(x) [1 ]F q−(x)) the gluon field according to38:
6B(x) [1 ]F Nc→∞−→ 1√2 γµ
( 1
4
( cs√
Zs
γ µ S(x)+ cp√
Zp
iγ µ γ5 P(x)
)
+
1√
2
( cv√
Zv
V µ(x) [1 ]S +
cy√
Zy
Y µ(x)γ5
))
[1 ]c (17)
with cs,cp,cv,cy ∈ {+1,−1}. Inspection of Eq. (17) and 6B(x) = γµ Bµ(x) suggests the
following large Nc replacement of the gluon fields in terms of S, P, V and Y mesons39:
Bµ(x) [1 ]S [1 ]F
Nc→∞−→ 1√
2
( 1
4
( cs√
Zs
γ µ S(x)+ cp√
Zp
iγ µ γ5 P(x)
)
+
1√
2
( cv√
Zv
V µ(x) [1 ]S +
cy√
Zy
Y µ(x)γ5
))
[1 ]c . (18)
Using Eq. (18) it is also straight forward to replace the gluon field-strength tensor
Bµν(x) keeping in mind that Bµν(x) [1 ]S [1 ]F = ig [Dµ [1 ]S [1 ]F , Dν [1 ]S [1 ]F ] =
[∂µ , Bν(x) [1 ]S[1 ]F ]− [∂ν , Bµ(x) [1 ]S[1 ]F ]− ig [Bµ(x) [1 ]S[1 ]F , Bν(x) [1 ]S[1 ]F ]. In
order to guarantee the renormalizability of the resulting Lagrangian the Grassmann
ghosts C(x) and ¯C(x) may by decomposed for the V and Y fields into Cv(x) cv/
√
Zv,
¯Cv(x) cv/
√
Zv, Cy(x) cy/
√
Zy and ¯Cy(x) cy/
√
Zy with Cv(x) =∑Cav (x) [λ a/2 ]F , Cy(x) =
∑Cay (x) [λ a/2 ]F , ¯Cv(x) = ∑ ¯Cav (x) [λ a/2 ]F , ¯Cy(x) = ∑ ¯Cay (x) [λ a/2 ]F and ∑ = ∑N
2
F−1
a=0 .
The scalar and pseudo-scalar fields renormalize each other in the sense of the LSM, if
they form a chiral circle. After application of the replacements Eq. (17) and (18) to the
QCD Lagrangian Eq. (14) we may choose Zs, Zp, Zv and Zy such that the kinetic terms
of the new S, P, V and Y fields take the standard form. This is achieved by:
cℓ√
Zℓ
=
4 i sℓ√
3+ 1α
√
NF
Nc
(ℓ ∈ {s, p}) , cℓ′√
Zℓ′
=
√
2 sℓ′
√
NF
Nc
(ℓ′ ∈ {v,y}) , (19)
38 Remember that γµ γµ = 4 [1]S.
39 It should be noted that the suggested replacement is not completely unique. Nevertheless it is strongly
suggested by the requirement of renormalizability of the resulting Lagrangian and the structure of La-
grangians obtained in the context of extended Nambu-Jona-Lasinio models.
with ss,sp,sv,sy ∈ {+1,−1}. As an overall result of our replacements we obtain in Feyn-
man gauge (α → 1) the following renormalizable Lagrangian of a QLLSM including
(axial)vector-mesons, which is expected to describe the properties of QCD at high ener-
gies40,41:
L (x)
Nc→∞−→
→ qc+(x)
(
i
2
↔
6∂ −Mq
)
q−(x)
+ qc+(x)g
√
NF
Nc
(√
2 i
(
ss S(x)+ sp iγ5 P(x)
)
+
1√
2
(
sv 6V (x)+ sy 6 Y (x)γ5
))
q−(x)
+
1
8 trF
[(
∂ µ S(x)
)(
∂µ S(x)
)]
− 1
2
M2B trF
[(
S(x)
)2 ]
+
1
8 trF
[(
∂ µ P(x)
)(
∂µ P(x)
)]
− 1
2
M2B trF
[(
P(x)
)2 ]
+
3
8
trF
[(
∂ µ S(x)− ig
√
NF
2Nc
(
sv [V µ(x) , S(x) ]− i ss sp sy {Y µ(x) , P(x)}
))2 ]
+
3
8
trF
[(
∂ µ P(x)− ig
√
NF
2Nc
(
sv [V µ(x) , P(x) ]+ i ss sp sy {Y µ(x) , S(x)}
))2 ]
− 18 trF
[(
V µν+ (x)
)2 ]
+
1
2
M2B trF
[ (
V µ(x)
)2 ]
− 1
2
trF
[ (
∂ µ Vµ(x)
)2 ]
− 1
8
trF
[(
V µν− (x)
)2 ]
+
1
2
M2B trF
[ (
Y µ(x)
)2 ]− 1
2
trF
[ (
∂ µ Yµ(x)
)2 ]
+
3
8
(
− ig
√
NF
Nc
)2
trF
[((
S(x)+ iP(x)
)(
S(x)− iP(x)
))2 ]
− trF
[(
∂µ ¯Cv(x)
) (M2B
∂ 2 +1
)
∂ µCv(x)+ ig
√
NF
2Nc
{(
∂µ ¯Cv(x)
)
,Cv(x)
}
V µ(x)
]
− trF
[(
∂µ ¯Cy(x)
) (M2B
∂ 2 +1
)
∂ µCy(x)+ ig
√
NF
2Nc
{(
∂µ ¯Cy(x)
)
,Cy(x)
}
Y µ(x)
]
+ h.c. (20)
40 This statement should be understood in the sense of conclusions drawn in Ref. [53] by N.D. Hari
Dass and V. Soni. In their paper they discuss “non-Abelian gauge theories with fermions and scalars that
nevertheless possess asymptotic freedom”. They claim that “even the possibility that” such a theory (being
hardly distinguishable from the QLLSM including vector-mesons) “is indistinguishable from QCD could
not be ruled out”. Their analysis shows that “for deep inelastic scattering the leading behavior of this
theory in the ultraviolet is identical to that of QCD”.
41 We want to mention that for the QCD anomalous term we find the replacement trc[B µν(x) ˜Bµν (x) ] Nc→∞−→
1
4 trF [V
µν
+ (x) ˜V+µν(x) ]+ 14 trF [V
µν
− (x) ˜V−µν(x) ] (affecting only (axial–)vector mesons). In order to obtain
anomalous structures like the ’t Hooft determinant (see e.g. Ref. [54]) involving also (pseudo-)scalars we
suggest to apply our replacement strategy to vanishing terms like e.g. trc[B µν(x) Bµν(x) γ5 ].
with V µν± (x) := [D
µ
± , Dν± ]/
(
−ig√NF/(2Nc) ) being defined by the covariant deriva-
tives Dµ± := ∂ µ − ig
√
NF/(2Nc)(svV µ(x)± syY µ(x)). In spite of limited space a dis-
cussion of Eq. (20) is imperative. Apart from slight, yet significant differences the La-
grangian is very similar to the Lagrangian of the “traditional” QLLSM (see e.g. Refs.
[50, 55, 56] and references therein). The V and Y mesons couple to the S and P mesons
in a similar manner as in an 1-loop effective action of the Gauged LSM in Ref. [51]
or the Extended Chiral Quark Model in Ref. [57] obtained by a tedious Bosonization.
The individual interaction terms in Eq. (20) follow strictly the weighting rules of the
1/Nc expansion (see [58] and Chapter 8 in [49] including references). A characteris-
tic new property of Eq. (20) is that the couplings of the scalar and pseudo-scalar fields
to (anti)quarks contain an extra factor i (= imaginary unit)42. It appears as a surprise
that the quasi-Hermitian QCD Lagrangian has been translated at high energies into a
seemingly non-Hermitian Lagrangian with the same properties. Non-Hermitian QT al-
lows now to relate consistently the high-energy Lagrangian to a low-energy Lagrangian
by performing a Higgs-mechanism (HM) with a complex-valued scalar condensate 〈S〉
yielding at low energies complex selfenergies of mesons and (anti)quarks and complex
coupling constants without getting in conflict with unitarity, causality, renormalizability
and Lorentz covariance. E.g. a real-valued scalar condensate 〈S〉 would yield — due to
the additional phasefactor in the coupling of scalars to (anti)quarks — purely imaginary
selfenergy for (anti)quarks43. There is also the scenario of (close to) purely imaginary
scalar condensates 〈S〉 yielding on one hand quasi-real (anti)quark selfenergies, on the
other hand “vacuum replica” [59] or “vacuum instability” like structures [60] in the
“composite field-space” 44,45. A further advantage of the derived QLLSM Lagrangian
is that one gets a very clear understanding how the electromagnetic interaction couples
to quarks and mesons. Photons couple in the QCD Lagrangian only to (anti)quarks, not
to gluons, which yields that they also don’t couple at high energies to the new S, P,
V and Y fields. A complex Renormalization Group Transformation or — equivalently
— a complex-valued HM relating Eq. (20) to the low energy version of the QLLSM
Lagrangian may mix the photon fields with the vector-meson fields such that the pho-
tons couple solely to vector-mesons and not to quarks46. The discussed implementation
of QED in QCD makes clear why one faces double-counting ambiguities [62] at low
energies, whenever one tries to couple photons to both, (anti)quarks and mesons.
42 This complex phase being related to the choice of Zs and Zp in Eq. (19) maps the negative spatial
components of the (+,−,−,−) metric into its positive time-like component yielding negative relative
signs between the mass or kinetic terms of (axial-)vector fields relative to (pseudo-)scalar fields. In the
language of Ref. [52] it would map a “wrong sign mass term” into a right sign mass term or vice-versa.
43 Confinement would therefore just be a notation for highly unstable (or composite), i.e. very short lived,
(anti)quarks decaying at low energies very fast into some asymptotic colourless meson states with quasi-
real selfenergies
44 In the discussion of the “Composite-Field Effective Potential” [52, 60] the role of the scalar fields
is represented by so called “composite fields”. These considerations find their origin in a stability and
convergence analysis of the parameter space of the LSM which may be found in Ref. [61].
45 We warmly like to thank J.E.F.T. Ribeiro for illustrating — in private communication — properties of
“Vacuum Replicas” [59] and drawing our attention to related work of P. Rembiesa (e.g. Ref. [60])!
46 This scenario is commonly called Vector-Meson Dominance (VMD).
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